MEASURE THEORY

1. PRELIMINARIES

For any given sequence (z,,) in the two-point compactification R = RU{—o0, +-00}
of the reals R
liminf x,, = sup inf z,,
m n>m
lim sup x,, = inf sup z,.
m pn>m
We also have a natural order < on R, by extending the one on R and by letting
—00 < x < 400 for all x € R.
We make note that lim inf ;,, < limsup z,, and that liminf (—z,) = — lim sup x,,.

Theorem 1.1. Let (z,,) be a sequence in R. Then there exists subsequences (a:nj)
and (zy, ) with

Tp,; — liminfx,
ZTp, — limsup x,.
Further, if (xn,) is an arbitrary convergent subsequence then
liminf z,, <limz,, <limsupz,.
The liminf is the smallest value with a subsequence converging to it.

Proof. Without loss of generality, consider M = limsupz,. Consider first M =
—o00, so we have M,, = supy,, r — —oo. Choose ny for which x,,,, < M,, < —1.
Choose no > nq such that x;u < M,, < —2 and so on.
If on the other hand —co < M < 00, one can choose My, — % <z, < M.
Lastly, if M = oo, then we have M,, = supy>,, xx — 00. We choose k < z,,, for
each k, which will clearly be possible (otherwise_ T, is bounded for sufficiently large
n and it would follow M # oc0). O

2. MEASURABLE FUNCTIONS

Definition 2.1. A collection &7 of subsets of a set X is said to be a o-algebra, or
a o-field, if:

(1) & is closed under complementation.

(2) « is closed under countable unions.

An ordered pair (X, .o/) consisting of a set X and a c-algebra o of X is called a
measurable space. Members of &/ are said to be measurable.

Note. An immediate consequence is that given any o-algebra 7 of a set X, is that
both @ and X are measurable. For & is a countable collection, giving us |2 = @
is a member of &/ (and consequently so is X, being the complement of &). One
can further deduce by De Morgan’s Laws that a o-algebra is closed under countable
intersections.

Let o7 be a non-empty collection of subsets of X. We observe there is a smallest
o-algebra containing .&7. To see this, certainly the collection containing all subsets
of X is a o-algebra of X which contains /. The intersection of all o-algebras of X
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2 MEASURE THEORY

containing &7 is the desired o-algebra of X. This is called the o-algebra generated
by o .

Let X be the set R of real numbers. The Borel algebra % is the o-algebra
generated by all open intervals (a,b) in X. Observe that the Borel algebra £ is
also the o-algebra generated by all closed intervals [a,b] in X. A member of Z is
called a Borel set.

Definition 2.2. A function f on X to R is said to be &/-measurable, or simply
measurable, if for every real number « the set

{reX | f(z)>a}
belongs to .

Lemma 2.3. The following statements are equivalent for a function f on X to R:

(1) For every a € R, the set Ay = {x € X | f(z) > a} belongs to <.
(2) For every a € R, the set B, = {z € X | f(z) < a} belongs to <.
(3) For every a € R, the set Co = {x € X | f(x) > a} belongs to .
(4) For every a € R, the set D, = {z € X | f(x) < a} belongs to <.

€T
xT

Proof. As o is closed under complementation, it is clear that (1) and (2) are
equivalent and that (3) and (4) are equivalent.
Suppose (1) holds. Fixing a, we see that A, 1 is measurable for each positive

integer n. Consequently, C,, = (oo A,_1 is meanéurable, giving us (1) implies (3).

Conversely, suppose (3) holds. Fixing «, we see that C,, 1 is measurable for
each positive integer n. Hence, A, = U, C,, 11 is measurable, and thus we are

done. O

Proposition 2.4. If f,g: X — R are .-measurable, then so are the following:

(1) fg;
2) af fora€eR;

) [fI" for a € RY;

) [+y;

) if [ is a sequence of ./ -measurable functions, then limsup f,, and liminf f,
are also.

(

(3
(4
(5

Proof. For fg, we consider

1
ta=7(F+97 = (F = 9)%).
For af, simply split into the three cases.
For f + g, take
{zeX | flz)+g(x)>a}= U {zeX | flx)>r}n{zeX |g(z)>a—r}.
reQ
For (5), for supremum take union, and infimum take intersection. O
Definition 2.5. An extended real-valued function f on X is &/-measurable in case

the set {x € X | f(x) > a} belongs to & for each real number a. The collection of
all extended real-valued .&/-measurable functions on X is denoted by M (X, 7).

Lemma 2.6. An extended real-valued function f is measurable if and only if the
sets

A={ze X | f(z) = +o0}
B={reX|f(z)=—oo}
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belong to &7 and the real-valued function f1 defined by

fi(z) = f(z), ifz ¢ AUB,
=0, ifz€ AUB,

18 measurable.

Note. Observe that if f € M (X, <), then

{re X | f(x)=+o0} = (| {z € X | f(x) > n}, and
neN

{x€X|f(x)=—oo}=‘€<U{xeXf(x)>—n}>.

neN

Proof. (=) Suppose f is measurable. It is immediate that both A and B belong
to &7 by definition. Now, fix a € R. Let

e A, ={z e X | fi(z) > a},
e Co={zeX| f(z)>al
Observe that
_ CoUB ifa<O;
“lc.\A ifa>0;
giving us A, belongs to 7. It follows f; is measurable.
(«<=) Suppose a € R. Observe that

o A\ B ifa<0;
T JALUA ifa>0;

giving us C,, belongs to «7. It follows f is measurable. O
Lemma 2.7. Let (f,) be a sequence in M (X, 7)) and define the functions
f(@) = inf fu(x), F(z) = sup fu(z),
f*(x) = liminf f,(z), F*(z) = limsup f,(z).
Then f,F, f* and F* belong to M (X, o).
Proof. Observe that
{reX | flx)>a}= ﬂ {r e X | fu(z) > a}, and
neN

{reX | Flz)>a}= LJ{QUGX|fn(:U)>a}7

which gives us that f and F' are both measurable. From this, by definition, it easily
follows that f* and F* are measurable. O

Corollary 2.8. If (f,,) is a sequence in M (X, o) which converges to f on X, then
fisin M(X, ).

Proof. In this case f(z) = lim f,,(z) = liminf f,(z). O
Lemma 2.9. If f is a non-negative function in M (X, /), then there exists a

sequence (@y,) in M(X,27) such that

(1) 0 < pn(r) < pnti(z) forze X, neN.
(2) f(z) =limep,(z) for each z € X.
(3) Each @, has only a finite number of real values.
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Proof. Let n be a fixed natural number. If £ =0,1,...,n2" — 1, let
Em={zeX |k27" < f(z) < (k+1)27"},

and if k& = n2", let Ej, be the set {x € X | f(z) > n}. We observe that the sets
E},, are disjoint, belong to &7, and have union equal to X. If we define ¢, to be
equal to k27" on Ej,, then ¢, belongs to M (X, o). It is readily established that
properties (1), (2) and (3) hold. O

Proposition 2.10. Let & be a o-algebra on R. Then < contains all open intervals
if and only if it contains all closed intervals.

Proof. (=) Observe that [a,b] = ),y (@ — =,b4 1), since a < = < b holds iff
a—% <z < b—i—% holds for all n € N. This establishes sufficiency by using definition
of o-algebra along with De Morgan’s Laws.

(<=) Similarly, one observes that (a,b) = J,cnla + 2,0 — 1], since a < 2 < b
holds iff a + % <x<b- % holds for some n € N. This establishes necessity by
using definition of o-algebra. O

Proposition 2.11. The Borel algebra % can be generated by the collection of all
half-open intervals (a,b]. It can also be generated by the collection of all half-rays
(a,00) ={x €R |z > a}.

Proof. Firstly, observe that (a,b] = [1,cn (a,b+ %), since a < x < b holds iff
a<zx< b+% holds for all n € N. It follows that (a, b] is a member of Z. Similarly,
(a,b) = Upen(a,b— %], since @ < o < b holds iff a < 2 < b— L for some n € N.
This completes the first part of the proof.

Next, notice that (a,00) = U, ¢y (a,n), giving us that (a, o) is a member of 2.
We also have that (a,b] = (a,00) N X \ (b, 00), which means all half-open intervals
are in the o-algebra generated by all half-rays. That is, 4 is contained in the
o-algebra generated by all half-rays. O

Proposition 2.12. Let (A,) be a sequence of subsets of a set X. Let Ey = & and
for each n € N, define

n
En=J A

k=1
F,=A,\ E, 1.

Then (Ey,) is a monotone increasing sequence of sets and (F,) is a disjoint sequence

of sets such that
UE.=JF. =] A

neN neN neN

Proof. Suppose n < m. Then n < m — 1, implying that F,, is disjoint with A,
because A,, C E,, C E,,_1. Consequently, F, and F,, are disjoint. It follows that
(F,) is indeed a disjoint sequence of sets.

It is clear ey En = Upen An- Also, F, = (;_; An \ Ax, which obviously
partitions |J, ey An. For if @ € (J, oy An, then there exists minimal & such that
r € A,. We have that z € F}, for such k. O

Proposition 2.13. Let (A,) be a sequence of subsets of a set X. If A consists of
all x € X which belong to infinitely many of the sets A, then

A=Ilimsup A, = ﬁ <G An>.

m=1 \n=m
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Proof. Suppose x € A. Then for each m € N, there exists n > m such that z € A,,.
It follows that = € U;’O:m A,. As m was arbitrary, x € limsup A,,.

Conversely, suppose x € limsup A,,. Then for any given m € N, x € Uf;m A,.
That is to say, x € A, for some n > m. Clearly, this gives us that = belongs to
infinitely many of the sets A,, and so is contained in A. O

Proposition 2.14. Let (A,,) be a sequence of subsets of a set X. If B consists of
all x € X which belong to all but a finite number of the sets A,,, then

B = liminf 4, = U (ﬂ A )

m=1

Proof. Suppose x € B. Then there exists m € N such that z € A,, for all n > m.
This clearly gives us x € liminf A,,. The converse is also obvious. (]

Proposition 2.15. If (E,,) is a sequence of subsets of a set X which is monotone
increasing, then
limsup F,, = U E, =liminf F,,.
neN

Proof. Observe that

I
Cgﬁjg Y

3
I
=

I
EiC:e
A
£
3
¥;/

O

Proposition 2.16. If (F,,) is a sequence of subsets of a set X which is monotone
decreasing, then
limsup F,, = )| F, = liminf F,.
neN
Proof. Observe that

limsup F,, =

A
ncz
v

u (,fi )

Proposition 2.17. If (A,,) is a sequence of subsets of X,
@ C liminf A,, C limsup A4,, C X.
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Proof. Suppose = € liminf A,,. Then there exists m € N such that z € A, for all
n > m. Fix the natural number m*. It is clear that x € A, for some n > m*.
From this, one gets that x € limsup A,,.

An example of a sequence (A,,) such that liminf A,, = @ and limsup 4,, = X is
the following. Let X = {0,1} and define

a - {0} if n is even;
" {1} if s odd.

One can easily obtain that liminf A,, = @ and that limsup 4,, = X.
We now provide an example of a sequence (A,,) which is neither monotone in-
creasing or decreasing, but is such that

lim A, = liminf A, = limsup A4,,.
Consider X = {0} U {p | p is prime} and define
A - {0,n} if n is prime;
" {0} otherwise.
We have that liminf A,, = limsup 4,, = {0}. O

Example 2.18. We provide an example of a function f: X — R which is not .«7-
measurable, but is such that the functions |f| and f? are </-measurable. Consider
X ={-11}, & = {2, X}, and f(—1) = —1, f(1) = 1. We have that f is not
o/ -measurable, since {1} is not measurable. Yet, |f| and f? are both &/-measurable.

Proposition 2.19. Let mid(a,b,c) denote the value in the middle. Then
mid(a, b, ¢) = inf (sup (a,b),sup (a, c),sup (b, ¢)).
Proof. Without loss of generality, suppose a < b < ¢. Then
b = mid(a, b, ¢) = inf (sup (a, b),sup (a, c),sup (b, c)) = inf (b,c) = b.
([

Proposition 2.20. If f1, fo, f3 are o/ -measurable functions on X to R and if g is
defined for all x € X by

g(.’I}) = mld(fl(l‘>7 fQ(x)7 f3($)>7
then g is o/ -measurable.
Proof. Supposea € R,yandlet A ={x € X | g(z) > a}and B; = {z € X | fi(z) > o}

for each 1 = 1,2,3. Fix z € A. It follows that x is a member of at least two of By,
By and Bs. Hence, A C ﬂ#j B; U B;. Conversely, if x € ﬂ#j B; U Bj, one easily

deduces that x € A. O
Proposition 2.21. If f is measurable and A > 0, then the truncation fa defined
by
fa(@) = f(x), if |f(z)] < A4,
=A, if f(z) > A,
= _A7 f(l') < _A7

is measurable.

Proof. Suppose a € R, and let
e Y ={zeX| falz)>a},
e B={zxeX|f(zx)>a}l



MEASURE THEORY 7

Then
X ifa< —A4;
Y=<(B if-A<a<A;
g if a> A;
gives us that Y is measurable. O

Proposition 2.22. Let f be a function defined on a set X with values in a set 'Y .
Let 2 be a o-algebra of subsets of X and let % = {E CY | f7HE) e Z'}. Then
% is a o-algebra.

Proof. Suppose E € %. Then f~Y(E) € 2, implying that X\ f~1(E) = f~Y(Y \ E)
is measurable. It follows that Y \ E € &, therefore giving us that it is closed under
complementation. Now, suppose that & is a countable subcollection of . Then
f71(«) is a countable subcollection of 2°. Hence, J f~}(«/) = f~H(U ) is a
member of 2. Thus, & € #, which gives us # is a o-algebra. O

Proposition 2.23. Let (X, 2") be a measurable space and f be defined on X to
Y. Let o/ be a collection of subsets of Y such that f~Y(E) € X for every E € .
Then f~Y(F) € Z for any set F which belongs to the o-algebra generated by < .

Proof. The o-algebra generated by &7 can be viewed as the intersection over all
o-algebras containing /. As {E CY | f~'(E) € 2} is a o-algebra containing <7,
the result readily follows. O

Proposition 2.24. Let (X, Z") be a measurable space and f be a real-valued func-
tion defined on X. Then f is & -measurable if and only if f~1(E) € 2 for every
Borel set E.

Proof. One needs only use the half-rays definition for generating the Borel o-
algebra. O

Proposition 2.25. Let (X, %) be a measurable space, f be an Z -measurable
function on X to R and let ¢ be a continuous function on R to R. Then po f,
defined by (po f)(z) = o(f(x)), is Z -measurable.

Proof. Suppose E is a Borel set. Then ¢~ !(FE) is a Borel set, since E can be
expressed as the arbitrary union of open and closed sets in R. Then f~!(¢™(E))
must be a member of 27, since f is 2 -measurable. Observe that f~! (¢~ (E)) =

(po f)_l(E)7 giving us p o f is 2 -measurable, as desired. O

A non-empty collection .# of subsets of a set X is called a monotone class if,
for each monotone increasing sequence (FE,,) in .# and each monotone decreasing

sequence (F,) in ., the sets
UE. F

neN neN
belong to . .

Proposition 2.26. A o-algebra is a monotone class. Also, if </ is a non-empty
collection of subsets of X, then there is a smallest monotone class containing < ,
which is called the monotone class generated by <7 .

Proof. Suppose 2 is a c-algebra on a set X. Then each monotone increasing
sequence of subsets of X in 2", then clearly the union of the sequence is a countable
union and consequently contained in 2. The other case is handled by De Morgan’s
laws.

Suppose &7 is a non-empty collection of subsets of X. Notice the collection
containing all subsets of X contains &7 and is a monotone class. Let .# be the family
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containing all monotone classes which contain <. We need only show M = (|.#
is a monotone class. This is rather obvious. O

Proposition 2.27. If & is a non-empty collection of subsets of X, then the o-
algebra .~ generated by of contains the monotone class M generated by <f . More-
over, the inclusion o/ C # C . may be proper.

Proof. Since . is closed under countable unions and closed under countable inter-
sections, it follows that .# is a monotone class containing 7. Hence, .¥ contains
M.

Consider X = N with & = {[n] | n € N}. Then .# = & U {X} contains X,
yet &7 does not contain X. Also, . contains X \ {1}, which is not a member of
M. O

Proposition 2.28. Let f be a complex-valued function defined on a measurable
space (X, Z). Then f is Z -measurable if and only if

A={z e X |a<Ref(z) <bec<Imf(x)<d}

belongs to 2 for all real numbers a,b,c,d. More generally, f is 2 -measurable if
and only if f~YG) € X for every open set G in the complex plane C.

Proof. Suppose f = f1 +ifs is £ -measurable. Then B ={z € X | a < f1(z) < b}
and C = {z € X | ¢ < fa(x) < d} both belong to £". It follows that A = BNC
belongs to .27, giving us the desired result. If on the other hand A belongs to 27,
then taking ¢ = —n, d = n as n — oo, it follows that B belongs to 2 . Similarly C'
belongs to 2.

Suppose f is Z -measurable, and G is an open set in C. Then for each z+iy € G,
there is an open ball B C G containing x + iy of some radius r. So, /22 +y2 < r,
implying —+/72 — 92 <z < \/r2 —y2 and —vr?2 — 22 <y < V1?2 — 22. Clearly, B

is in 2" and consequently so is G. O

Proposition 2.29. A function f on X to R is 2 -measurable if and only if the
set A, ={x € X | f(x) > a} belongs to X for each rational number «.

Proof. Suppose A, belongs to 2" for each rational number «, and let 8 be any
real number. We show that Ag belongs to 2. Suppose z € Ag. Then f(z) > S,
and it is a well known result that there then exists a rational number «, such that
f(x) > ag > B. Each Aq, is contained in Ag, and (J,c 4, Aa, = Ap is a countable
union of sets in 2", and consequently Ag € 2. O

3. MEASURES

Definition 3.1. A measure is an extended real-valued function p defined on a
o-algebra 2 of subsets of X such that
(1) u(2) = 0;
(2) u(E) >0 for all E € Z7; and
(3) w is countably additive in the sense that if (E,) is any disjoint sequence of
sets in 27, then

M([j En) = iN(En)

Note. If a measure does not take on the value +o0o, we say it is finite. More
generally, if there exists a sequence (E,,) of sets in 2" with X = (J E,, such that
w(Ey) < +oo for all n, then we say p is o-finite.



MEASURE THEORY 9

Example 3.2. If X = R and 2" = %, the Borel algebra, then it will be shown
later that there exists a unique measure A defined on % which coincides with length
on open intervals (that is, A(E) = b — a where E = (a,b)). This unique measure
is usually called Lebesgue (or Borel) measure. It is not a finite measure, but it is
o-finite.

We also have the counting measure,

FE| if E is finite;
wE) = & R
oo if E is infinite.

Also, the discrete measures, where
N(E) = Z Pn,
rn€E

where (x,,) is a sequence in X and (p,) a sequence in [0, c0).
The Dirac-6-measure concentrated at o € X defined by

<5M<E>:{1 e

0 otherwise.

If I is an interval with endpoints b < a, then
(1) w(I) =b— a (length of interval);
(2) E €. implies E + x € . (where x € R), so u(E + z) = u(E)/

The Riemann/Lebesque-Stieltjes measures. Let g : R — R be increasing and con-
tinuous from right. Then the Lebesgue-Stieltjes measure satisfies

p([a,b]) = g(b) — g(a).

For example, g(z) = z yields Lebesgue measure. Also,

1 >0

g(x):{o z <0.

yields the Dirac d-measure centred at 0.
Proposition 3.3. For the Lebesque measure, we cannot have . = Z(R).

Proof. Construct a set E ¢ .. Define an equivalence relation on (0,1) C R by
x ~yif z —y € Q. This partitions (0, 1) into disjoint subsets. By axiom of choice,
we can choose an element from each equivalence class to yield E. Observe that
01ncs:= |J E+rc(-12),
reQn[-1,1]

and (E+r)N(E+s) =@ if r #s. So, by countable additivity,

W)= 3 wEin= Y u(E)z{OO Lo

reQn[—1,1] reQn[—1,1] 0 i u(E)=
Hence,
1= p((0,1)) < pu(S) < p((-1,2)) =3,

a contradiction. (]
Lemma 3.4. Let p be a measure defined on a o-algebra Z . If E and F belong to
Z and E CF, then u(E) < p(F). If p(E) < 400, then u(F\ E) = u(F) — u(E).
Proof. As E and F \ E are disjoint, it follows that u(F) = pu(F\ E) + u(E).
Since u(F\ E) > 0, we get that u(F) > u(E). If u(E) < 400, then u(F\ E) =
w(F) = p(E). O
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If By C E5 C ..., then we say (E,) is expanding/increasing. If F; D F» D ...,
then we say (F,,) is contracting/decreasing.

Lemma 3.5. Let p be a measure defined on a o-algebra Z .

(1) If (Ey,) is an increasing sequence in 2, then

(2) If (Fy) is a decreasing sequence in 2" and if u(Fy) < +oo, then

N(m Fn) = hmﬂ'(Fn)
n=1

Proof. If u(E,) = +oo for some n, then (1) follows trivially. Therefore, we assume
w(Ey) < +oo for all n.

Let Ay = Fy and A, = E, \ E,,—1 for each n > 1. Then (A,) is a disjoint
sequence of sets in 2" such that E, = U;_, 4; and U;Z, En = U;Z, Ay Since p
is countably additive,

u(U En> = u(An) =1im Y p(A,) = lim u(E,),

where final equality holds as u(Ay,) = u(Ey) — p(En—1) for n > 1 (proving (1)).
Let E, = Fy \ F,, so that (E,) is an increasing sequence of sets in 2". By (1),

we get that
u(U En> = u(Fl\ N F)
n=1 n=1

— p(FY) —u(ﬂ Fn) = lim p(E},)

n=1
= lim (u(Fy) — p(Fn)),
and after rearranging this yields (2). O

Definition 3.6. A measure space is a triple (X, 2", u) consisting of a set X, a
o-algebra 2~ of subsets of X, and a measure p defined on 2.

We shall say that a certain proposition holds p-almost everywhere if there exists
asubset N € 2" with u(NN) = 0 such that the proposition holds on the complement
of N. Thus we say that two functions f, g, are equal p-almost every-where or that
they are equal for p-almost all x in case f(x) = g(x) when x & N, for some N € 2
with p(N) = 0. In this case we will write f = g, p-a.e.

In similar manner, we say that a sequence (f,,) of functions on X converges
p-almost everywhere (or converges for p-almost all x if there exists a set N € 2
with u(N) = 0 such that f(z) = lim f,(x) for x ¢ N. In this case we often write
f=1limf,, p-ae.

Let P be a statement about the pointsinaset E € ., and Ey = {x € E | P(z) is false}.
If there exists F' € .7, F D Ep and p(F') = 0, we say P(x) is true for p-almost-every
x € E, or P is p-almost-everywhere.

Note: Lebesgue measure on single point is 0. For

p({a}) = m(la,b]) = m((a,b]) = (b - a) = (b —a) = 0.
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Thus, countable subsets of R have zero Lebesgue measure. Take counting measure,
so0 a statement holding a.e. is exactly same as holding everywhere (only set measure
zero is empty set).

Definition 3.7. If 2 is a o-algebra of subsets of a set X, then a real-valued
function A defined on 2" is said to be a charge in case A(@) = 0 and A is countably
additive.

Proposition 3.8. If i is a measure on & and A is a fived set in 2, then the
function X, defined for E € 2" by M(E) = (AN E), is a measure on 2 .

Proof. Tt immediately follows that A is non-negative, and that A\(@) = u(AN @) =
w(2) = 0. It remains to show A is countably additive. To this end, suppose (E,)
is a disjoint sequence of subsets in 2. Certainly (E, N A) is a disjoint sequence of
subsets in Z". As p is countably additive, we get that

u(U EmA) = (E, N A) = > AE).

But we also get that

M(ﬂf_lenﬁA> :u<Aﬂ§1En> :A(GE>

giving us A is indeed countably additive. O

Proposition 3.9. If uq, ..., u, are measures on Z and ay, .. .,a, are non-negative
real numbers, then the function X\, defined for E € 2~ by

ME) = Z%‘M(E)

is a measure on Z .

Proof. We need only show X is countably additive, as other properties trivial. Sup-
pose (E}) is a disjoint sequence of sets in £". Then, for each j = 1,...,n, we
have

ajf; (U Ek) = aju;(Br).
k=1 k=1

Hence,

1 \j=1
= Z )‘(Ek)a
k=1

and thus A is indeed countably additive. U
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Proposition 3.10. If (uy) is a sequence of measures on X with p,(X) =1 and
if A is defined by

ME) = 27" un(E),
n=1
then A is a measure on & and A(X) = 1.

Proof. Similar proof to previous proposition. O

Proposition 3.11. Let X be an uncountable set and let 2~ be the collection of all
subsets of X. Define p on E in Z by requiring that u(E) = 0, if E is countable,
and p(E) = +o0, if E is uncountable. Then p is a measure on 2 .

Proof. Certainly p(@) = 0, and g is non-negative. It remains to show that p is
countably additive. To this end, suppose (E,,) is a disjoint sequence of sets in 2.
If F, is countable for all n, then UZO:1 FE,, is countable. In this case,

M(U En> =0=> uE,).

n=1
If on the other hand FE, is uncountable for some n, then it is clear Uzo:1 FE, is
uncountable and equality similarly holds by both equalling +oc. O

Proposition 3.12. Let X =N and let Z  be the collection of all subsets of N . If
E is finite, let u(E) = 0; if E is infinite, let u(E) = +o00. Then p is not countably
additive, and thus not a measure on Z .

Proof. Consider (E,,) defined by E,, = {n} for each n € N. Then (FE,,) is a disjoint

sequence in 2, with
(U] w00 - 4=

n=1
and - -
> nlEn) = 0=0
n=1 n=1
Thus, p is not countably additive. O

Proposition 3.13. Let X = N and let Z be the o-algebra of all subsets of N. If
(an) is a sequence of non-negative real numbers and if we define p by (@) =0 and
WE) =3 cpan, E# @, then p is a measure on 2. Conversely, every measure

on & is obtained in this way for some sequence (ay,) in RY.

Proof. We firstly show p is a measure by showing it is countably additive. To this
end, suppose (E,) is a disjoint sequence in 2. Let E = J,_, E,,. Observe that

WE) =D am =3 ( > %) =2 nlE).
mekrE n=1 \meFE, n=1

giving us desired result.
Converse is trivial. O

Example 3.14. We provide an example of a decreasing sequence (F},) in £  where
pw(Fy) = 400 and p((oo, Fn) # lim u(F,). Consider X = N and p({n}) = n. The
decreasing sequence Fy = X, Fi = X\ {1}, F» = X \{1,2}, etc., has u(",2, F,) =
0, but lim p(F,) = +oo.

Proposition 3.15. Let (X, 2", ) be a measure space and let (E,) be a sequence
in . Then
p(liminf E,) < liminf u(E,).



MEASURE THEORY 13

Proof. Firstly, observe that

liminf F,, = Ej (ﬁ En>
m=1 \n=m

and liminf p(E,) = sup inf p(E,).

m n>m

Since (N2

nem En) is a monotone increasing sequence in 2", it follows that

p(liminf E,) = limu< ﬂ En>

n=m

Fixing m, we get that (), E, C Ej for all k > m. Hence,

u( N En> < p(Ey)

n=m

for all £ > m. It follows that

u( N En> < inf p(En)

<sup inf p(E,)

m n2m
= liminf p(E,)
= p(liminf E,) < liminf u(E,),
as desired. ]

Proposition 3.16. Let (X, 2", 1) be a measure space and let (E,) be a sequence
in Z. Then

limsup u(E,) < p(limsup E,,)
when p(U,—, En) < +00.

Proof. Firstly, observe that

limsup F,, = ﬁ (G En>

m=1 \n=m
and limsup p(E,,) = inf sup u(E,).
m n>m
Since (U,—,, En) is a monotone decreasing sequence, when we assume

u([j En> < +o0,
n=1

it follows that

u(limsup E,,) = limu< U En>

One then applies a similar approach to previous proposition.
We now provide an example for when u(|Jo—; E,) = +o00, and the inequality
fails. Take X = N with 2" to be the power set of X, and pu({n}) =n for all n € X.

Also take E,, = {n} for all n. Then u({J,~, E,) = 4oc0. Since limsup E,, = &, we

know that p(limsup E,,) = 0. Yet, limsup u(E,,) = +oo. O
Proposition 3.17. Let (X, 2", i) be a measure space and o7 = {E € 2" | u(E) = 0}.
Then

(1)  is not necessarily a o-algebra;
(2) ifEcd and Fe X, then ENF € o ;
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(3) if E,, belongs to o/ forn € Z, then | JE,, € .

Proof. Since p(X) is not necessarily 0 and any o-algebra on X must contain X, it
is easy to see that (1) holds.

Suppose F € & and F € 2. Then ENF C E, implying p(ENF) < u(E) =0,
giving us that u(EF N F) =0 as p is non-negative. Thus, ENF € &, proving (2).

Now, suppose E,, belongs to & for all n € Z. One can then consider the mono-
tone increasing sequence (|, E,,). We have that p(U,~; E,,) = limpu(U,—, Ey)-
So we need only show that AUB € & if A,B € &/. We have that A C AUB
with u(A) = 0, implying that u((AUB)\ A) = u(AUB) — u(A) = p(AU B).
Also, (AUB)\ A = B\ A. Hence, u((AUB)\ A) = p(B) — p(A) = 0. Thus,
(AU B) =0. O

Proposition 3.18. Let (X, 2", 1) be a measure space and of = {E € 2" | u(E) = 0},
and let ' = {(EU A1)\ Az | E € 2} where Ay and As are arbitrary subsets of
sets belonging to . Then E' € 2 if and only if it has the form E U A where
EeZ and A e .

Note. The o-algebra 2" is called the completion of 2" (with respect to p).

Proof. (=) Suppose E' € Z". Then E' = (EUA;) \ Az for some E € 2 and
Ay, Ay € /. We have that

(EUAD)\ Ay = (EUA)NX\ Ay = (ENX\ As) U (A N X\ Ao),

where FENX\ Ay € Z and Ay N X\ A € .
(<) Choosing A; = A and Ay = F givesus EUA € 2. O

Proposition 3.19. With respect to the notation of the previous proposition, let '
be defined on X' by

W (B U A) = u(E),
when E € % and A € of. Then p' is well-defined and is a measure on X' which
agrees with y on Z .

Note. The measure ' is called the completion of p.

Proof. Suppose that EUA = E'UA’. Then (FUA)\ E = AN X\ E and
(EPUAN\E' =ANX\FE'. It follows that 0 = p(AN X\ E) = p(EU A) — n(E)
and 0 = p(A'NX\ E') = pu(E'"UA") — u(E"). Thus, u(E) = p(E). O

Proposition 3.20. Let (X, 2, 11) be a measure space and let (X, 2", p') be its
completion. Suppose f is an %’—measzﬂ’able function on X toR. Then there exists
an Z -measurable function g on X to R which is p-almost everywhere equal to f.

Proof. O

Proposition 3.21. If X denotes the Lebesgue measure and E is an open subset of
R, then A(E) > 0 if and only if E is non-empty. If K is a compact subset of R,
then A(K) < +oo0.

Proof. Suppose E is non-empty. Then E can be written as the disjoint union of
open intervals. Since A is countably additive, it is clear A(E) > 0. The converse is
trivial, of course.

Suppose K is a compact subset of R. Then K is closed and bounded. Hence,
K C [a,b] for some a,b € R and consequently u(K) < p(la,b]) =b—a < 4o0. O

Proposition 3.22. The Cantor set has Lebesque measure zero.

Proof. One can take the nested intersection of compact subsets of [0, 1] to obtain
the Cantor set. This gives us a decreasing monotone sequence of subsets of [0, 1],
each of which have finite measure, and has the limit of the measure tend towards
0. O
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4. THE INTEGRAL

Definition 4.1. A real-valued function is simple if it has only a finite number of
values.

A simple measurable function ¢ can be represented in the form

n
Y= Z A5 XE;>
j=1

where a; € R and xg; is the characteristic function of a set E; in 2. Among these
representations for ¢ there is a unique standard representation characterized by the
fact that the a; are distinct and the F; are disjoint non-empty subsets of X and
are such that X = (Jj_, E.

Definition 4.2. For f : E — R, the positive part of f is fT: F — R’ such that

Fr@) = {f+(z) = f(z) if f(z) > 0;

ft(x)=0 otherwise.

Similarly, we define the negative part of f as f~ : E — R such that

oy V@) =—f(x) if fz) <0;
G {f(x) =0 otherwise.

Hence, f = f* — f~, and we also have

_ SIS _ =1
=5 = ‘

fr and [~ 5

Hence, if f is measurable, then so are f* and f~, and converse holds.

Theorem 4.3. (Approximation by simple functions). Let (X,.) be a measurable
space. If f is non-negative (extended real value) #-measurable function of E € Z,
then there is an increasing sequence of non-negative .#-measurable simple functions
fn on E such that

lim f, = f.

n—oo

Proof. Define

o) = 2% if%gf(x)gk;nl where £k =0,...,n2" —1;
U A i f(x) > n.

Hence,
n2™—1

k
fn(®) =nxs, + Z o XA
k=0

where Ay = f~1([£, £E]) and B,, = f~!([n, o0]). Hence, f, is .”-measurable and

clearly increasing. Moreover,

1
0< f@) = falz) < 27_>07
giving us f is the limit of f,. O
Fix a measure (X,.%,pu). Let M+ (X,.) = M™ be the set of non-negative
#-measurable functions on X.
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Definition 4.4. If u € M7 is simple, with standard representation

n
u = E O‘kXAk
i=1

then we define the integral of u over X with respect to u as

/X wdp =Y axp(Ar) € [0, 9],

k=1

where 0 - co = 0.
If f e MT(X,.%) (non-negative, measurable), then

/ fdup = sup {/ udp ‘ 0 <u< f, uis simple and measurable}.
X X

If E € .7, then the integral of f on F is

/E fdu = /X fxedp.

Definition 4.5. If ¢ is a simple function in M*(X, 2") with the standard rep-
resentation, we define the integral of ¢ with respect to u to be the extended real

number
/wdu = a;u(E;).
j=1

Lemma 4.6. (1) If ¢ and 3 are simple functions in M (X, Z) and ¢ > 0,

then
/csodu = C/wdu,
/(¢+w)du=/¢du+/wdu-

(2) If A is defined for E in 2 by

AME) =/<prdu,
then X\ is a measure on Z .

Proof. The first property is obvious; for the second suppose p = Z?Zl a;xe,; and
Y= 2211 bj XF;-

For (2),
A(E) = / uxedp = / > aixmna, |dp =" a; (/ XEmAjdu) = au,(E).
e x\5 S b's ;
by linearly and p;(E) = u(E N A;j). O

Lemma 4.7. Let f,ge MT(X,.) and E,F € .. Then
(1) If f < g on E, then [, fdu < [ gdp.

(2) If ECF, then
d dp.
/Ef MS/FfM

Proof. Part (1) follows trivially.
Part (2) follows from fxg < fxr and applying part (1). d
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Theorem 4.8. (Monotone Convergence). If (f,,) is an increasing sequence of non-
negative measurable functions, then

lim/ fndu:/ lim f,,du.
b's X

Proof. Since (f,) is increasing it has a limit (in the extended sense) such that
f = lim f,, which is non-negative and measurable. Note f,, < f, so by Lemma

Jx fadp < [ fdp for all n and hence lim [y fodp < [ fdp.
Fix u < f, simple non-negative measurable function and 0 < o < 1. Let A,

be the set {z | fn(z) > au(z)}. Then A, € ¥ and (4,) is expanding. Also,
U A, = X. By monotonicity,

constant

—
[ autn< [ gudn< [ gadn<iim [ puan.
An A X X

Recall, A : E — [,udu is a measure. Since (Ay) is expanding, lim A(4,) =
)\(UAn) Thus,

AX) = A(UAz) - /Xaudu < lim/X Fudp.

By linearity,

a/ udp < lim/ fndu

X X

= / udp < lim/ fndp, by a—1,
X X

== / fdu < lim/ fndu.
X X

O

Note. There is no corresponding result for Riemann integration. For example,
let (an) be the rationals in [a,b] arranged as a sequence. Let f,, = X{q, .q.} 15
Riemann integrable and is increasing. Also, has a limit f = X[4,3)ng, but this limit
is not Riemann integrable. Of course, it is Lebesgue integrable.

Theorem 4.9. Let f,g e M (X,) and o, 8 € [0,00). Then

/X(aHBg)du:a/dequﬁ/ngu.

Proof. There exists increasing sequences (u,) and (v, ) of non-negative simple mea-
surable functions with

lim w, = f and lim v, =g.

n—oo n—oo

Observe that (au, + fv,) is non-negative, increasing, simple measurable functions
with limit af + 8g. By the monotone convergence theorem,

/ (af + Bg)du = / lim (o, + Bu,)dp
b p's

= lim/ (quy, + By )dp
X

= lim <a/ und,u+ﬂ/ vndu>,
X X
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where final equality holds by linearity. By monotonicity, n — [  Undy is increasing
and hence has a limit in the extended sense. Thus,

/X(af—&—ﬁg)dp—ahm/ undu—i-ﬂhm/ Vpdjt
—a/ fdu+ﬂ/gdu

Theorem 4.10. Let f be a non-negative measurable function on X, and define

E) :/EfduEey.

O

Then v is a measure on & .

Proof. (M1) holds:
@)=/gfdu:/xf><zdu=/x0du=0-

(M2) holds: f > 0 so by monotonicity of the integral, [, fdu > [, 0dp = 0. One
could also use (M1) and monotonicity, observing E contains &.
Now, (M3): Let (E,) be a disjoint sequence of measurable sets with union E.

Then, since xg = Z;‘;l XE; = lim Z?;l XE;

V(E):/JEde:L(fXEdM:/)(;XEdeM
-/ 3 e, i = lim /. 3 xr, fdn =t ) [ et
:;/XXEjfduzjz:;/Ej fdu:jz:;y(Ej).

O

Lemma 4.11. (Fatou’s Lemma). If (f,) is a sequence of non-negative measurable
functions on X, then

/ liminf f,,dp < 1iminf/ fndu.
X X

Proof. Let hy, = infy>, f,, which is an increasing sequence in M *(X,.%) with limit
liminf f,. By monotone convergence,

/ liminffndu:/ lim A, dp = lim/ hnds.
X X X
Also, hy < fn implying [ hndp [y fodp and hence

lim inf/ hpdp < lim inf/ fndp.
b X
Moreover, liminf [y hndp = lim [ h,dp and we are done. O

Example 4.12. The inequality for Fatou’s Lemma can be strict. Let u be the
Lebesgue measure, and f,, = % X[0,n] Which has integral value 1. Then

/limfnd,u:/()du:()<lim/ fndp = 1.
X X X

Theorem 4.13. Let f be non-negative, measurable on X. Then f =0 p-a.e. if
and only if [ fdu=0.
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Proof. (=) Suppose f =0 p-a.e., ie, E={x € X | f(x) > 0} has u(E) = 0. Let
fn =nxg, where lim f, = cour > f. By Fatou’s Lemma and monotonicity,

0< / fdp < / lim f,dp < 1iminf/fndu =0.
X X

(«<=) Suppose [y fdu=0. Let E, = {z € X | f(z 1} Then f, = txg, has
limit 0, and also f > f, on E,. So, we get that 1 =[x fuxe, < [y fdu

0 by monotonicity, and hence u(E,) = 0 for all n. Thus wE) = p(UE, ) S
> w(E,) = 0 and result follows. d

Theorem 4.14. Let f,g € MT(X,.%). Then

(1) If f < g p-a.e., then
d djs.
/Xf uS/Xgu

/deuzfxgdu-

Proof. Since f < g p-ae., E = {x € X | f(x) > g(x)} has u(E) = 0. Now, by
linearity it follows

(2) If f = g p-a.e., then

/X fdp = /E san [ san

S/gdu+/ gdu:/ gdp.
E X\E X

(2) follows from (1). O

5. INTEGRABLE FUNCTIONS

Fix (X,.,u). The space L = L(u) of all integrable functions consists of all
extended-real valued measurable functions on X whose positive and negative parts
fT, f~ have finite integrals over X with respect to p. For f € L, we define the
integral of f over X w.r.t. pu by

/de/t:/Xerd/Jf/Xf*d,ueIR{.

A non-example is f(z) = < on (0, 1], which has Lebesgue integral [, +da = oo but
it is not Lebesgue integrable.

Theorem 5.1. If f is measurable, then f € L iff |f| € L, i.e., [y |fldu < oo, in
this case | [y fdu| < [ |f]dp.

Proof. (=) Suppose f € L, i.e., [fT,[f~ < oo. Recall that |f| = f*+ f~.
Hence, [|f|=[f*+ f~ = [fT+ [~ < oo using linearity, and result follows.

(<=) Suppose |f| € L, i.e., [|f| < oo. Recall 0 < f*, f~ <|f|. By monotonic-
ity of the integral [ f*, [ f~ < [|f| < oo so finite implying f € L.
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ool o
Aol L
Z/Xf+du+/xf‘du

= [T

= /X | fldp.

Lemma 5.2. Suppose f € L. Then
(1) f is finite-valued a.e. on X.
(2) If

Also,

r L f(l‘), Zf f(CL' € R);
f@) = {o, f(z) € {£oo).
Then f = f p-a.e. and Ix fdp = I fdp.
Proof. Let E ={z € X | |f(z)| = co}. Now,

so> [ Aflau> [ 11dn= [ ocdu> [ ndu= ()

for all n. Hence, u(E) = 0, proving (1).
Now,on E f =0, and on X \ E f = f, giving us f is measurable and equal to

f prae. Also, (f)+ = f* prae. and (f) = £~ poae., giving us
/)(fduz/)((f)+dﬂ_/)((f)_du:/)(f+du_/)(f_duz/)(fdu'
O

Theorem 5.3. Let f,g € L and « € R. Then f+ g, af € L, fo—i—gdu =
Jx fdu+ [ gdp, and [ afdp= o [ fdu.

Proof. Observe
(O[f)+_ aft if @ > 0;
) —af ifa<O0;

and

Now, o > 0 implies
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foreror [
= /af+ —/af_
and apply previous case.

Note f+g € L, since [ |f +g| < [ |f]+ [ |g] < oo, so f+g € L. Suppose without
loss of generality f and g are finite valued. We get (f +¢) = (f+9)" — (f+¢)".
Hence,

and a < 0 implies

o) +f g =T+g"+(f+9)
By linearity for non-negative functions,

/(f+g)++/f*+/g*:/f++/g++/(f+g)‘-
All integrals are finite, so we can rearrange to get [ f+g=[f+ [g. O

Theorem 5.4. (Dominated Convergence Theorem). Suppose f, € L for all n and
fn = [ p-a.e. and if there exists function g € L with |f,| < g for all n (u-a.e.)

then f € L and [, lim fodp = [y fdp =1lim [ fndp.

Proof. Let E = {z € X | g(z) = oo}, such that u(E) = 0. On X \ E, |f,| is
bounded, and so lim | f,,| = |lim f,,| = |f| < g, since || is a continuous function. So
by monotonicity,

/IfIdué/gdu<oo=>f€L-
X X

Assume without loss of generality, f,, f are finite valued. Observe that (a.e.)
fn +g > 0. By Fatou’s Lemma,

/ liminf (f, + g)du < lim inf/ (fn+9)du
X X

= /f+gd,u§hminf/ fndu+/ gdu
X X X

[ /fd,ugliminf/ fndug/fndu.
X X X

Note (—f,,) satisfies conditions of the Dominated Convergence Theorem. Hence,

/ —fdu < liminf/ —fndp = liminf—/ fndu = —limsup/ frndu,
b'e X X X
and thus
limsup/ fndp S/ fdu < liminf/ fndp
X b'e X

— / fdu:lim/ frndp.
X X

Theorem 5.5. (1) If g is measurable on X, and f € L and g = f p-a.e., then

g € L with
/ fdu :/ gdp.
X X
(2) If f,g€ L and f < g p-a.e., then

/deué/xgdu~

(3) If u(E) =0, and f is measurable on E, then fxg € L and [, fdu = 0.

O
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Proof. Let E={z € X | f(z) # g(x)}, u(E) = 0. Now,

=0
——

/ \gldu=/ Igldu+/ lgldp
X X\E E
=/ | fldp
X\E

§/ |fldp < oo, since f € L.
b

Thus, g € L. Integrate

=[5 9t du—[ g~ du=0
—

/ gdp = fdp+ / gdp
b'e X\E E

= fdp+ [ fdp

proving (1).
f<giff g— f >0, p-a.e., implying fXg — fdu > 0 by monotonicity, and so

Jx 9du — [ fdp > 0 by linearity. Thus, [, fdu < [y gdu, proving (2).
(3) follows trivially by definition, since [, fdu = [, ftdp— [, f~dp=0. O

6. THE LEBESGUE SPACES L,

Lebesgue L, spaces functions as vectors

(f +9)(x) = f(z) + g(z)
(cf)(x) = cf (x).

Measure the size of f via integral, e.g.,

1l = / Fldu.

Equivalence class of functions: f ~ gif f = ga.e,,andso[f]={g: X =R | f =g a.e.}.
So our vectors are actually equivalence classes of functions.

Proposition 6.1. Addition and scalar multiplication is well-defined.
Proof. We wish to show addition as

[f1+ 19l =1f + 4]

is well-defined. Say f; ~ f2 and g1 ~ g2. Want to know whether f; + ¢g; and
fo+ g2 are equivalent. Let E = {z € X | fi(x) + g1(x) # fa(z) + g2(z)}. We know
fi(x) = fa(x) ae., and g1(x) = g2(x) ae., so set By = {z € X | fi(x) # fo(x)}
and Fy = {z € X | g1(z) # g2(2)}. Now, E; C Ny and Es C Ny where u(Ny) =0
and u(Ny) = 0. Observe E C E; U Ey C Ny U Ng, so ule) < u(NyUN;) <
#(N1) + p(N2) = 0, and hence addition is well-defined.

Let £ = {x € X | fi(z) # f2(z)}, so E C N where u(N) = 0. If ¢ = 0, then
0 =0 always. If ¢ # 0,

cfi(z) # cfao(z) = fi(z) # fa(z),

so scalar multiplication is well-defined. O
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Definition 6.2. Let 1 < p < oo. For measure space (X,.%, i), define

LpﬁﬂtXﬁRWZQf%u<w}

Proposition 6.3. L, is a Banach space (complete normed vector space) under

1Al = ( /. Iflpdu) ",

Proof. Firstly, L,(p) is a vector subspace of py-equivalence classes. Let f,g € Ly(u).
Then

[f +gI” < (If1+1g)" < (2max {|f].[g]}) = 2" max {|f[",g]"} < 2°(If]" + [g]")-

Hence,
Juar<z [([in+ [ial) <.

so f+g €L, Also, [laff =|aff [|f|’ < oo, so af € L,. Hence, L, is a vector
space.

Now, || f]l, = 0 since integrating positive function. Also, [|f||, = 0 if and only if
J1fP=0,iff ||’ =0 p-a.e. iff f =0 p-a.e., so [f] = [0]. When showing L, closed
under scalar multiplication, easy to see that [[af][, = |||/ f],-

To prove the triangle inequality of L,, must use Muntowski’s inequality, which
we prove using Holder’s inequality. For 1 < p < oo the conjugate index ¢ is given
by % + % = 1. Holder’s inequality: f € L,, g € L, we have fg € L; and

\ / fgdu\ < [ ifsldi< 71, ol

Proof of Holder’s Inequality: We use given A, B > 0 that AB < A?p + %q. Suppose
[f1l,> lgll, # 0 and f,g = 0. Then

D q 1 ]_
Ldﬂg/ fp+ qu/‘:*"‘*:lv
11, lgll, pllfll, — allgll poq

and so by rearranging we get the desired inequality.
Now, Muntoskii’s inequality; given f,g € L, and 1 < p < co. Note || f +gl|, <
[£1l, + llgll, is easy for p =1 by triangle inequality. For p > 1,

\f+glP =1f+glP 1 f gl <If+ 9P (f] + |g])-

Hence,

/|f+g|” < /|f+g\’”1(|f| o)

giving s || (7 +9)"|| (171, + gl )

We now show L, is complete. Let (f,,) be a Cauchy sequence in L,(u), i.e., for
all € > 0 there exists positive integer N such that || f, — fm|, <€ for all n,m > N.
Observe

fn = (fn _fnfl) + (fnfl _fn72) + ...+ (f2 _f1)+f1

for each n. There is a subsequence (g,,) of (f,) with

lgk+1 — ngp < ok
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Let g(x) == |g1(x)| + >_pey |gk+1(x) — gr(z)]. This g is non-negative, measurable,
and

/X lg[Pdp < liminf/x <|91($)| + I; |gk+1(x) — gk($)|> dp

" p
= g1l + > lgrr1 — gl
n P
< lim inf <|gl|p + Z lgx+1 — gklp)
k=1
= 1
< liminf <|91|p + Z 2k> = [lg1ll, + 1 < oo,
k=1

and hence g € L,(¢). Now, let E = {x € X | |g(z)| < oo}, the set where g converges
absolutely. So, u(X \ E) = 0. Let

fa) = {gm + Xk (ke —g0) o€ B
otherwise.
Clearly |f(z)] < g(z) on E, so [|f|" < [|g|"dp < oo, giving us f € L,(u). Need
to show || fn — flI? = [y |fo— fI’dp — 0 as n — co. On E, f(x) = lim g, (z);
lgn(z) — f(z)|” — 0 as n — co. Note
lgn(2) = f(@)I” < (Ign(@)| + [f(2)])" < 2Pg(x)".

By Dominated convergence theorem,
tin g, ~ 11}, = [ timlg, - Pdu= [0=0,

ie., gn = fin L,. Recall (g,) subsequence of Cauchy sequence (f,), so follows
fn — f and thus L, is complete. O

Note. L,(u) is a Hilbert space if it satisfies the parallelogram law iff p = 2 (u
not on singleton). Polarisation identity: (f,g) = [, fgdu. Every Hilbert space is
isometric to £2(A) for some set A. £5(N) on basis (e;),cy-

7. CONSTRUCTION OF MEASURES

Motivation: the length of the rationals. Recall that we can cover QQ with intervals
I;, and choose length of each interval to be 57 where Q C [JjZ, I;. Then p(Q) <
Y02y (1) = €, implying p(Q) = 0.

Some examples: Lebesgue measure, Hausdorff measure, Haar measure (which is
used on the circle S1).

Definition 7.1. An algebra is a collection &7 of subsets of a set X which is closed
under finite unions and closed under complementation.

Example 7.2. Let o/ be the collection of all finite unions of intervals of the form
[a,b); this is an algebra on R if we allow for half-rays. For e.g., R\ [a,b) = (—00,a)U
[b, 00). One could actually take this be an algebra instead on RU{—o0}. Note that
this is not a g-algebra, since it is not closed under countable unions. For example,
& does not contain [a, b].

Definition 7.3. Let 7 be an algebra on X. A function g : & — R is a measure
on o7 if

(1) po(@) =0;
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(2) po(E) >0 for each E € &
(3) if (E};) is a disjoint sequence in &7 with |J E; € <7, then

o | DB | = nolEy).
j=1 j=1

For example, &/ consisting of finite unions of intervals on R and pg defined as
o (U};l Ij) i= > 7 length(I;). This is a measure on algebra <.
We want to define Lebesgue measure by

w*(E) = int {Z o(Ar)
k=1

A, €/, EC fj Ak}.

k=1
This is not a measure in general, but it what is called an outer measure.

Definition 7.4. An outer measure is a function p* : 2(X) — R where

(1) p(2) =0;
(2) Ey C Es implies p*(Eq) < p*(Es);
(3) w*(Up—y En) <3000 w*(Ey), ie., countable sub-additivity.

The outer measure given by a measure on an algebra, for example, have R?
(think of squares v.s. rectangles).

Example 7.5. Hausdorff measure on metric space (X, p), where

HY := inf {Z (diamAy,)*

k=1

E C | Ak, diam(4) < 5}

is an outer measure (§ > 0 and d € R>? is a dimension). Note H¢ increases as §
decreases. We define the Hausdorff outer measure by H(E) := %iH(l) H(E).
—

Definition 7.6. Let u* be an outer measure on X. We say £ C X is u*-measurable
if £*(Q)=p"(QNE)+ u*(Q\ E) for every Q C X. Note by subaddivity p*(Q) <
W (QNE)+ p*(Q\ E). So being p*-measurable is equivalent to

pr(Q) = p (QNE)+p"(Q\ E) = p"(QNE) +p*(QN (X \ E)).
Note then that F is p*-measurable iff X \ F is p*-measurable. If p*(E) = 0, then
E is p*-measurable. For p*(Q) = p*(E) + p*(Q) > p*(QNE) + p*(Q \ E). This
implies F is p*-measurable implies @ and X p*-measurable.

Theorem 7.7. (Caratheodory). Let pu* be an outer measure on X, ./ be the
collection of all p*-measurable subsets. Then . is a o-algebra. The restriction of
w* to . is a complete measure.

Proof. Firstly show .7 is a g-algebra. We know . contains @, X and also closed
under complementation. Say </ = (A,) countable subcollection of .. Then

P (Q) 2 p (@ N Ay) +p"(Q\ Ar)
> QN A +p (@ N\ A1) N Ag) + p7((Q 1\ A1) \ Az2)

(o) o) o)

Taking limit as k — oo, 1(Q) = £32 (@ VUZ! Ai) N 47) + (@ \ U2, 40).

Consider U, (@ \UIZ! 4:) 1 4; 5 UpLy Au, 50 17(Q) 2 17(@ 0 (U2 An)) +
p*(Q\ Uy An), so U~ Ay, is p*-measurable, implying .7 is a o-algebra.

>
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Now show p* restricted to .7 is a measure. p* | (&) = p*(@) =0, and p* >0
by definition. Let (E,) be a sequence of disjoint sets in .. Let Q = (Jo— | En.

Then
o j—1 )
NEESS ((Q\ Ua) mEj> +u*<Q\ UEH>,
j=1 i=1 i=n
implying p*(U,Z; En) > 0052, 4% (Ej). As p* is an outer measure, u*(UJ, En) <
>~ 1" (Ej). This shows restriction of x* to . is a measure on ..
Remains to show p* | is complete. If FF C E and p*(E) = 0, E € . implies
0 < p*(F) < p*(E) =0 implies p*(F) = 0. This implies F is p*-measurable i.e.,
FeZs.

O

Theorem 7.8. Let py be a measure on an algebra of subsets of X. Then p*(E) :=
inf {377, no(Ay) | Ax € &,|J Ay D E} is an outer measure on X . Further, u*(A) =
wo(A) for all A € o7, and every set in o is pu*-measurable.

Proof. p* is an outer measure. Since & C Ag, Ap = @ implies p* (&) = 0. Also,
if 1 C Es implies pu*(E;) < p*(E2) by definition of infimum. Now, let (E,) be a
sequence of subsets in X. Let € > 0. Choose A,; € & such that | J,-; Anr D En,
220:1 MO(Ank) < p* (En) + ﬁ Then Uzo:1 E, C UZO:1 Uz; Ank,

() (o) K1)

Then we get p*(J Ern) < > p*(E,), and hence p* is an outer measure.

Obviously A covered by Ay = A, Ay, As,... = & implies u*(A) < pp(A). Now
show po(A) < p*(A). If (Ar) covers A, can consider A = |J(AN Ag) such that
po(A) <30 po(AN Ag) < 5° po(Ag).

Every A € & is p*-measurable. For p*(Q) > p*(QNA) + p*(Q\ A). There
exists Ay, € o« with Q C U, Ax and >_7=; po(Ag) < p*(Q) + € implying QN A C
Une, (AgnA). Also Q\ A C Up—, (Ax \ A). Q is covered by A, N A, A\ A.
Hence,

pHQ A+ (Q\A) S po(AxNA)+ ) po(Ar \ A)

k=1
where RHS equals
(Ho(Ak N A) + po(Ax \ A)) =Y no(Ax) < p*(Q) +«.
k=1

O

Theorem 7.9. (Translation invariance). Let (R,.”,u) be Lebesque measure. If
Ec, xe€R then E4+x €. and p(E + z) = u(E).

Proof. Show p*, the Lebesgue outer measure, is translation invariant. Note E C
Uj21 I, where I; are intervals, iff E+x C (J;2, (I; + z). Furthermore, get 3~ u(1;)
and ) pu(I; + ), which are equal.
Now, E € .7 iff F is p*-measurable. That is, p*(Q) > p*(QNE) + p*(Q\ E)
iff
p(Q+z) Z2p (Q@NE+z)+p (Q\E+a) =p (Q+2) N (E+2)+p"((Q+2)\ (B +1)).
Hence, E + z is p*-measurable, ie., E4+z € .. p(E+x) = p*(E+x) = p*(E) =
w(E). O

Note. Countable union of compact sets is a Fj,-set, and countable intersection of
open sets is a Gs-set.
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Theorem 7.10. (Regularity). If E € .7, then
(1) u(E)=inf{u(U) | E C U, where U is open};
(2) w(E)=sup{u(K)| K C E, where K is compact}.

Proof. Let E € . Then for all ¢ > 0 there exists I; such that E C (JI; with
Z;‘;l w(I;) < p(E) + €. For I; with endpoints a;, b;, define I; = (a; — 55,b; + 57)-
So, E C U = JIj, where

i”(fj):z:(” ) > ull;) + 26 < u(E) + 3e.

j=1
So, u(E) < u(U) < u(E) + 3¢, implying u(U) = p(E).
Let E, = [-n,n]NE. Then E = |JE,. Let D,, = [-n,n] \ E,, so [-n,n] =
E, UD,. Choose (by (i)) U, open with D,, C U, with u(U,) < pu(D,,) + 1. Let

K, = [-n,n] \ U,, which is compact since it is closed and bounded in R. Hence,
p(Kn) = p([=n,n]) = p([=n,n] N V)
> pl[=n,n]) = u(Un)
=2n — p(Uy)
1
>2n — u(Dy) — —
> 20— p(Dn) — —
= 2= (2n—p(B)) - 5 = () -
= 20— (20— p(En) = — = p(En) =

Thus, u(E,) < p(K,) + . Recall we have pu(E) = lim pu(E,), since E, expands
to E, so u(E) < limsup (u(K,) + 1) <limsup (K, ). So, there exists subsequence
such that u(E). Hence, p(E) is the supremum of p(K,), since K,, C E

Ky) —
< p(E). O

7.1. Uniqueness of Lebesgue measure. Let G be locally compact topological
group. Let Z be the o-algebra generated by compact sets. p a measure on A
which is (left) translation invariant if u(aF) = p(FE) for all a € G.

There is a unique non-zero (left Haar) measure with the following properties:

(
yields p(Ky,)

p(K) is finite for K compact
left translation invariant
outer regular

inner regular

Example 7.11. Circle group R/27R. Finite group: the counting measure is Haar
measure. Orthogonal group O(n) of n x n orthogonal matrices.

Consider two measure spaces (X,.%, u) and (Y, .7, v). The product measure of
DxECExY isu(Dw(E). Lee Z={DxE|De .Y E¢c T} Let & be the
algebra generated by Z (i.e., all finite unions of rectangles). Check: show that all
finite unions of rectangles forms an algebra. Clearly closed under finite unions by
definition. Consider a finite union of rectangles U;-lzl R;, Rj = D; x E;. Then
(X % V)\ULy Ry = My (X % Y\ Ry) = (1 (X\ D) x Y UX x (¥ \ By)).

Define measure mg on &% by mo(D x E) := pu(D)v(E). This is a measure on
by the following Lemma.

Lemma 7.12. Let {D; x E;} be a sequence of disjoint rectangles in X x Y.
If U;il D; x E; = Up_, Fi x Gi, where Fj, x Gy, rectangles in X x Y, then
Z]o-ozl 71'0(Dj X EJ) = 22:1 7T0(Fk X Gk)
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Proof. We know Z;’;l XD, x B, (Z,Y) = D1 XFuxG, (2,y). Therefore,

o0
ZXDj (z)xE, ZXFk z)xa, (Y
j=1

Fix y; each xp(x) is .#-measurable. Integrate w.r.t. u (Beppo Levi)

| xol@auta) =$ZM W) =3 mFxa, )
k=1

Again, integrate w.r.t. v (Beppo Lev1), SO
> mo(D; x Ej) =Y w(Dy)v(Ey) =Y w(Fp)v(Gr) = Y mo(Fi x Gi).
j=1 j=1 k=1

k=1

7o is the measure on the algebra of rectangles, so

mo(B) =inf{ Y 7wo(D; x Ej) | EC | D;j x Ej,D; € &, E; € T
J=1 Jj=1

So, we get a complete measure by Carathedory (exists a complete measure on a
o-algebra % with @ C 7% and the measure on sets in the algebra is given by 7).
Note “7 is difficult to describe”. The o-algebra generated by the rectangles (or %)
is contained in %, and is defined to be the product o-algebra. . x 7 := o-algebra
generated by the rectangles. The product measure is defined to be m = p * v, the
restriction of 7* to & % 7.

We may consider @ C X x Y and wish to integrate [ f(x,y)dn(z,y) (where
7= pxv). We ask, is this integral equal to [y [, f(z,y)dv(y)du(z).

Define the z-section to be Q, := {y € Y | (z,y) € @} and the y-section to be
Q= {w € X | (z,y) € Q).

Lemma 7.13. (1) fQe S*T, thenQ, € T and QY € &
(2) If f: X xY — R is ¥ x T -measurable, then f(-,y) is .7 -measurable and
f(z,+) is T -measurable.

Proof. Let ¥ ={VCXxY |V, € I,Ve e X}, Want & x.7 C ¥. Show ¥ is
o-algebra that contains the rectangles and hence % x .

¥V is a o-algebra: (@ x @), =@ and (X xY), =Y bothin 7. Suppose V € 7.
Then (X xY)\ V), =Y \ V,, where V, € J so certainly Y \ V, € .7. Hence,
X xY \V € 7. Suppose (V,,) sequence of #. Then (UV,), =U V), € 7, so
UV, € ¥. Hence, ¥ is a o-algebra.

Now, (D x E), = E € 7, proving (1) (where D x E is a rectangle)

Suppose f : X x Y — R is .¥ « Z-measurable. Fix y, E, = {z | f(a?,y) > a}
where a € R. Observe E, = {(z,y) | f(z,y) > o} = Q¥ Where Q€ %7 and
this section is in .¥ by (1), proving (2). O

Example 7.14. Let my be Lebesgue measure on R? and .#; be the Lebesgue o-
algebra (this is complete). Let E C [0,1] be a non-Lebesgue measurable subset
of R (e.g., a Vitali set). Then in R?, consider E x {0} which is .#3-measurable
(subset of [0,1] x {0} which has zero Lebesgue measure). But (E x {0})Y = E is
not measurable. So, E x {0} is not in .#4 * .7 implying .} x . C .%%.

Theorem 7.15. (Tonelli) Let (X, .7, u) and (Y, T ,v) be o-finite measurable spaces
with (X x Y, x 7, u*v) and f : X xY — R non-negative and .. T -measurable.
Then
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(1) The function
yH/ f(a,y)dp(x)
b'e

18 T -measurable, and

/Y/Xf(l%y)du(w)dV(y)=/Xxyf(x,y)d7r(q;,y)

where dn(z,y) = dp*v(x,y).
(2) The function

res /Y F,y)du(y)

1s 7 -measurable and

/X/Yf(:v,y)dl/(y)du(x):/xxy Fl@,y)dn(z, y).

Hence, the related integrals are equal.

Proof. Let f = xq, @ rectangle. u(X),v(Y) < oo.

We now reduce to a simpler case. Suppose theorem holds for (f,) increasing,
then it holds for f = lim f,,. By monotone convergence theorem, x +— fY frn(z,y)du
is increasing, so lim [ [, fudvdp = [ [, fdvdu. Since f, — f, by MCT

lim Xxyfnd(u*u):/xxy fd(u*u):lim/x/yfndudu:/x/yfdydu.

Claim: if theorem holds for u and v finite, then it holds pu and v o-finite. Let u
and v be o-finite, ie., X = J, X, pu(Xn) < oo expanding union and ¥ =, Y,
v(Y,) < oo expanding. Let f, = fxx,xv,. Then (f,) is non-negative, measurable
and increasing with limit f.

The integrals for f,, are integrals w.r.t. p |x, and v |y, (both finite) and p

/andu(x) :/XfXanYnd,U:XYn /X fdu,

proving our claim. Hence, we need only prove Tonelli for finite measures.

Claim: We need only prove Tonelli for characteristic functions. There exists
an increasing sequence of non-negative measurable functions f, — f > 0. f, =
2?21 ag-")x A;(n)- If Tonelli holds for characteristic functions (measurable), then it
holds for simple functions, and hence all functions.

Without loss of generality, suppose p,v are finite and f = xg, @ € /' + J.
Consider 2 = {Q € . x .7 | Tonelli holds for xg} (aim to show & = . x .7).
Need to show 2 is a o-algebra and 2 contains all rectangles. Suppose D x E = @
is a rectangle, and let f = xg. Then

/ f (@ y)dv(y) = / xo (@)X W) du(y) = xo (@) (E).
Y Y

v ‘anYn

So,
/X /Y £ y)dv(y)dp(x) = /X X (@) (E)dy
— u(E) /X xo (@) = v(E)u(D)

— (@@ = [ xod(uxr),

XXY

Remains to show 2 is a g-algebra. To do so, we provide the following definition. [
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Definition 7.16. A collection .Z of subsets of X is a monotone class if it is closed
under countable unions and countable intersections.

Example 7.17. All intervals of form (—a,a) in R, this is a monotone class. Re-
mark: All o-algebras are monotone classes, but not vice versa as example demon-
strates.

Lemma 7.18. (Monotone Class Lemma). A monotone class is a o-algebra if it
contains an algebra which generates the o-algebra.

Now, using this, we may finish the proof of Tonelli: it suffices to show 2 is a
monotone class, and hence equal . x 7. Let Q,, be an expanding sequence in 2,
i.e., Tonelli holds for xq, . Since xjq, = limxq, , Tonelli holds for x ¢, implying
UQ. € 2. Let C, be a contracting sequence of sets in 2. Consider expanding
sequence (X x Y\ Cp,) with J(X xY \C,) = X x Y \ ((NCy). Tonelli holds for
this, i.e., [y [y Xxxr\n e, dp = [y Xxxy\nc,d(p* V). Observe

XXxY\NCn = 1 — XN Cn

— /X/Y(I_Xmon)dyd’u:/xmf (l—Xan)d(/i*V)

= //ldyduf/ / XN Cn :/ ld(u*u)f/ Xﬂcnd(M*V)
xJy xJy XxY XxY
xXJy XxY JNCn

and thus (N C,, € 2 and we have finished proof of Tonelli.

Example 7.19. o-finite condition is necessary. Take X = (J,, X,, where X un-
countable. Let p be Lebesgue measure on R and v be counting measure on R.
Prior is o-finite, latter is not. Consider diagonal D = {(z,z) | z € R} and f = xp;
consider D, =, B(az, %) € .Y x J and intersection over D,, yields D. Now,

AAf(xvy>du(x)dV(y) =/Roazy:o
//fxydudu /Rld,uzoo.

What is [, p fd(pxv) = (u*v)(D).

Theorem 7.20. Fubini First Theorem. If f > 0 and p,v are o-finite, then f is
product integrable iff one of the integrals of Tonelli (e.g., [y [y |fldvdp) finite.

We want for Fubini: [y [} fdvdp = [y y fd(pxv). = — [, |fldv is p-
integrable, i.e., finite p-a.e.

Theorem 7.21. (Fubini Second Theorem). u,v o-finite, and f : X x Y — R
W * v-measurable.

(1) There is a set Yy, v(Yy) = 0 such that f(-,y) is p-integrable over X for all
Yy e Y \ YQ.

and

fX (z,y)du(z) yeY\Yy;
y € Yo;

18 v-integrable with

/Y/Xf(x’y)d'udl/:/Xxyf(x’y)d(N*V)~
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Example 7.22. If Y 07 3™ |anm| < o0, then Y > apm =D, >, anm ER
(of Fubini).

Fubini theorem: Suppose f : X xY — R is pxv-integrable. Then fXXY [fld(p*v) <
oo (where integral equal to [ [y |fldvdu = [y [ |fldudy by Tonelli).

Example continued: p = v are counting measure on N. f: NxN — R (n,m)
anm.  We get [y [ f(n,m)du(n)dv(m) with [y fd(pxv) = 3 3 Gnm =
Do 2om Gnm € R.

8. EXTRA TOPICS

8.1. Radon-Nikodym. Let p be a measure and f > 0 measurable. Then A given
by A(E) := fE fdu, E €  is a measure on .. This A has the property: pu(E) =0
implies A(E) = 0. We say A is absolutely continuous with respect to p, written
A << .

Lemma 8.1. If A\, o are finite measures, then A << p if and only if for each ¢ > 0
there exists 6 > 0 such that A\(E) < € whenever u(E) < 4.

Theorem 8.2. (Radon-Nikodym Theorem). If u and \ are o-finite with A << p,
then there exists f > 0 measurable, with \(E) = [ fdpu.

Note. f is called the Radon-Nikodym derivative of A\ w.r.t. p, sometimes written
A

f = dn-

Definition 8.3. Let (X,.”) be a measurable space. Then A : . — R is a charge

(or signed measure) if A(&) = 0 and A is countably additive (i.e., A(UE,) =

2 ME))-

Example 8.4. If f € Lo(u), then A(E) = fE fdu is a charge. We say P € .¥ is
positive for A if A\(PNE) >0, E € .. Similarly negative and null.

8.2. Hahn-decomposition. If )\ is a charge, then there exists P positive N neg-
ative with disjoint union X, which is unique up to a null set. Choose A4, —
sup{A(A) | A e ., Ais positive}. P =, An.

Definition 8.5. Let A be a charge, P, N be the Hahn-decomposition up to pos-
itive and negative parts. Then AT (E) = A(E N P), A" (E) = A(E N N) are finite
measures with A = AT — A\~ (Hahn-decomposition). Call A\* positive part of A and
A~ negative part of A\. Then the total variation of X is |A] = AT + A~

Theorem 8.6. If f € Li(p) and \(E) = [}, fdu then \T(E) = [, fTdu, A (E) =
Je £ dp, IN(E) = [g | fldu.

A — Chas (RO\))(E) :== RA(EF)) and (S(\))(E) := S(\(E)). Take A =
(R(N)) +i(3(N)), where () and I(A) are charges. Also, f : X — C measurable
iff R(f), S(f) measurable.

Define a positive variation of such a |A[(4A) = sup Y .~ A(A,,). This defines a
positive measure | [y fdA| < [|f|d|A]. The Radom-Nikodym theorem holds for real
and complex measures.

dw+A) _ d . dA _ dxd
= + d\/du, ul,)\ << prae, A << v <<, g = Pan A << p
and p << A, Z—‘; = (%) A-a.e. Can define vector consisting of such measures,

over Banach (and indeed locally convex spaces).
We say A, p are mutually singular if exists disjoint sets A and B union X for
which A(A) = p(B) = 0, which we write as A L p.

Theorem 8.7. Lebesgue decomposition. Let A, p be o-finite measures. Then \
can be written uniquely A = A1 + Ao where A1 L u, Ao << p.
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Proof. Let v = XA+ p implying X, u << v. By Radon-Nikodyn A(E) := [, fdv and
W(E) = [, gdv. Let A= {z |g(z) =0} (X concentrated) and B = {z | g(x) > 0}
(1 concentrated). X = AU B (disjoint union), unique up to a set of v-measure
zero. Let A\ (E) = M(ENA) and X\ (F) = A(ENB) = X(EN(X\ A)). Clearly
A1, Ao are measures with A = \; + Ao.

Need A; L pu. Observe

M(A):/Agdy:/OdV:O

AM(B)=ABNA)=A@)=0.

and

Now, need Ay << p. Suppose pu(E) =0, so u(E) = [, gdv =0, s0 g =0 v-a.e.
on E. X\y(E) = AM(EN B), where E C A since [, 5 gdv =0, and claim follows. [
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